A linear transformation L defined on a finite dimensional real Hilbert space is said to be a Z-transformation on a proper cone K if
Introduction
Consider a finite dimensional real inner product space H, a proper cone K in H, and a linear transformation L on H. We say that L has the Z-property on K, or that it is a Z-transformation on K, and write L ∈ Z(K) if x ∈ K, y ∈ K * , and x, y = 0 ⇒ L(x), y 0,
where K * denotes the dual of K. If both L and −L are in Z(K), we say that L is a Lyapunov-like transformation. Z-transformations -the negatives of which are called cross-positive matrices in [18] and exponentially K-nonnegative matrices in [2] -are generalizations of Z-matrices. Such transformations have appeared in numerous studies, particularly in connection with dynamical systems [21, 22, 2, 13] , complementarity problems [7, 10] , optimization [8] , and Lie algebras of cone automorphism groups [11] . They also have properties similar to those of Z-matrices [21, 7, 1] . Here are some equivalent properties: Given L ∈ Z(K), we let τ (L) := min{Re(λ) : λ ∈ σ (L)}, where σ (L) denotes the spectrum of L. Schneider and Vidyasagar [18] have shown that τ (L) is an eigenvalue of L with a corresponding eigenvector in K. As in matrix theory ( [12] , page 129), we call τ (L), the 'minimum eigenvalue of L'.
In the context of nonsingular M-matrices, various inequalities have been described for the minimum eigenvalue [15, 16, 20, 25] . Many of these inequalities are derived by exploiting properties (10)- (13) given in the above theorem. Unlike Z-matrices which are always of the form
it turns out that on a general cone, not every Z-transformation (even if it satisfies any of the properties (1) − (9)) can be written in the form L = rI − S, with S(K) ⊆ K and r ∈ R. Also, the concept of Pproperty of a linear transformation is so far limited to symmetric cones in Euclidean Jordan algebras, and even in that setting, the equivalence of P-property with properties (1)−(9) is yet to be established [10] . Thus, it becomes interesting and useful to derive inequalities for the minimum eigenvalue in the general (proper cone) setting, and for symmetric cones in particular. We remark that symmetric cones in Euclidean Jordan algebras form an important class of proper cones, and, in the last decade such cones have become highly relevant in (conic) optimization [14] and complementarity problems [6, 10] . To motivate and demonstrate the importance of Z and Lyapunov-like transformations that go beyond Z-matrices and M-matrices, we cite two examples (more can be found in [7] ).
Example 1. In the Hilbert space S
n of all real symmetric n × n matrices with the trace inner product, let, for any A ∈ R n×n ,
L A is the Lyapunov transformation corresponding to A and its importance is well-known in the study of linear continuous dynamical systems. L A is a Lypaunov-like transformation on the symmetric cone S n + of all positive semidefinite matrices within S n [7] . Its complementarity properties have been well documented in the literature, see e.g., [5] . It turns out that unless A is a multiple of the Identity matrix, L A can never be written in the form L = rI − S, where S(S n + ) ⊆ S n + and r ∈ R (see Section 3).
Example 2.
In the Hilbert space S n , let, for any A ∈ R n×n ,
S A is the Stein transformation corresponding to A and it appears in the study of linear discrete dynamical systems. It is a Z-transformation on the symmetric cone S n + . For some of its complementarity properties, see [4] . Note that S A = I − S, where
Our main contributions are the following: Assuming the block form
on a product space/cone, we show that under certain conditions, the Z and positive stability properties of L are inherited by A and the Schur complement D − CA −1 B and, additionally, relate the minimum eigenvalues of these three transformations. We then specialize these results to Euclidean Jordan algebras. Motivation for our work comes, partly, from the results in [24] , where the inheritance of various P-properties are discussed.
Here is a brief outline of the paper. In Section 2, we collect necessary background material. In Section 3, we prove the existence of (positive stable) Z-transformations that are not of the form L = rI − S with S(K) ⊆ K and r ∈ R. Section 4 shows that under certain conditions, the Z and Z ∩ S properties are inherited by subtransformations and Schur complements. Section 5 deals with the computation of the minimum eigenvalue in some specific instances. In Section 6, we prove minimum eigenvalue inequalities. Finally, in Section 7, we specialize the previous results to Euclidean Jordan algebras.
Preliminaries
Throughout, we assume that H denotes a finite dimensional real Hilbert space and K denotes a proper cone, that is, K is a closed convex pointed cone with nonempty interior. The interior of K is denoted by K • and the dual of K is given by
We use the notation x 0 (x > 0) to mean x ∈ K (respectively, x ∈ K • ). Furthermore, we write x ⊥ y when x, y = 0. 
L is positive stable if and only if L ∈ S(K).
We use the notation L
Now, let H 1 and H 2 be two finite dimensional real inner product spaces with proper cones K i ⊂ H i , i = 1, 2. On the product space H 1 × H 2 , we assume that the inner product is the sum of the inner products of the components. Then, 
It is easy to see that
We note that on
has the S-property if and only if L 3 has the S-property.
All of our results are applicable to symmetric cones in Euclidean Jordan algebras. While [3] is our main source, brief introductions to Euclidean Jordan algebras and symmetric cones can be found in [6] and [19] .
Transformations that are not of the form αI − S with S(K ) ⊆ K
In [18] , it is shown that L ∈ Z(K) if and only if Example 6 given in [7] shows that a Lyapunov transformation L A on S 
Proposition 1 ([8], Theorem 4). Suppose that H is a simple Euclidean Jordan algebra. If L is a Lyapunov-like transformation on the symmetric cone K with L(K) ⊆ K, then L is a (nonnegative) multiple of the Identity transformation.

Now, if H is a simple Euclidean Jordan algebra (the algebra S
n is one such) and L is Lyapunov-like on its symmetric cone with L = αI − S and S(K) ⊆ K, then applying the above result to the Lyapunov-like transformation S = αI − L, we see that S, and hence, L must be a multiple of the Identity. In particular, 
Inheritance of the Z-property by subtransformations and Schur complements
From now on, we assume that
We assume that L is given by (4) and consider its Schur complement/pivotal transform when A is invertible.
Then the following hold:
(iii) L/A has the Z-property on K 2 when A has the S-property.
Proof.
(i) Consider any x ∈ K 2 and y ∈ K * 1 . Then
Moreover, x,ȳ = 0. As L has the Z-property, L(x),ȳ 0, which, upon simplification gives Bx, y 0. As x is arbitrary in K 2 and y is arbitrary in K *
and applying the Z-property of L, we get L(ū),v 0. This leads to Au, v 0, proving the Z-property of A. The proof that D is a Z-transformation on K 2 is similar.
(iii) Here we assume that A has the S-property. Since A has the Z-property by (ii), A is invertible and
Hence, L/A has the Z-property on K 2 .
Remarks. Consider the situation where L is assumed to be Lyapunov-like on the product cone K 1 ×K 2 .
In this case, in the proof of Item (i) above, Bx, y = 0 for all x ∈ K 1 and y ∈ K 2 . As the cones involved are generating cones, this leads to B = 0. Similarly,
L will have only diagonal blocks which are Lyapunov-like on their respective cones.
Theorem 2. Suppose that L ∈ Z. Then L ∈ S if and only if
Proof. Suppose that L ∈ S. Then there exist 0 < u ∈ H 1 and 0
This shows that A has the S-property and (along with the Z-property) 
Thus, L/A has the S-property.
Thus, L has the S-property, and consequently, L has the S-property.
Remarks. When H = R n and K = R n + , for a Z-matrix, S and P properties are equivalent (see Theorem 1). In this setting, the above result reads: A Z-matrix L is a P-matrix if and only if A and L/A are Pmatrices. Easy examples can be constructed to show that this is false without the Z-property. On a Euclidean Jordan algebra, one defines the P-property via the following implication [6] :
While the P-property always implies the S-property, the following two problems remain open:
• For a Z-transformation, does S imply the P-property?
• Suppose L (given in the block form) has the Z-property on a product Euclidean Jordan algebra. If both A and L/A have the P-property, can we conclude that L has the P-property?
These questions have positive answers when L is Lyapunov-like, see [10] and the previous remark.
An interpretation. Consider the setting of the previous theorem. When L, given by (4), has the Z- 
Minimum eigenvalue computations
As we noted earlier, on R n + , every Z-transformation is of the form L = rI−B, where B is a nonnegative matrix. In this case, τ (L) = r − ρ(B). We depart from this classical case, and provide the following examples.
Example 3. Let H = H
n denote the set of all n × n complex Hermitian matrices with inner product given by X, Y = trace(XY ), where the trace of a matrix is the sum of all its diagonal elements (or equivalently, the sum of all its eigenvalues). Let 
where the last inequality comes from the fact that τ is a positive eigenvalue of L. Also,
Since this max is the reciprocal of min{|λ| : λ ∈ σ (L)}, we see that ρ = 1 τ . This proves the required equality.
Minimum eigenvalue inequalities
In this section, we present our minimum eigenvalue inequalities. We begin with a simple observation.
Proof. With the given conditions on L, L − αI + εI has the Z-property and τ (L − αI + εI) = ε > 0. Thus, L − αI + εI is positive stable, and by Theorem 1, has the S-property.
Proposition 4. Suppose L given by (4) has the Z-property. Then τ (A) τ (L).
Proof. Let α = τ (L). Then, by Proposition 3, L − αI + εI has the S-property for any ε > 0. By Theorem 2, A − αI 1 + εI 1 has the Z-property and the S-property; hence it is positive stable. This implies that τ (A) − α + ε = τ (A − αI 1 + εI 1 ) > 0 for all ε > 0. Thus, τ (A) α proving the result.
Our next objective is to relate the minimum eigenvalues of L and its Schur complement. In preparation for this, we prove the following.
(b) Since L 2 has the S-property and L 1 L 2 , L 1 has the S-property by (3). Since L 1 and L 2 are in Z ∩ S, they are both invertible and, moreover, L −1 
Corollary 1. Consider two linear transformations on H 1 × H 2 given in the block form:
L 1 = ⎡ ⎣ A 1 B 1 C 1 D 1 ⎤ ⎦ and L 2 = ⎡ ⎣ A 2 B 2 C 2 D 2 ⎤ ⎦ . Suppose L 1 , L 2 ∈ Z and Ł 1 L 2 . Then A 1 A 2 and D 1 D 2 . If, in addition, A 2 ∈ S, then L 1 /A 1 L 2 /A 2 . Proof. From L 1 L 2 , it
is in S.
Then
1 , and by Proposition 2,
We now compare the minimum eigenvalues of L and its Schur complement. Our proof is similar to the one given by Smith [20] for matrices. We recall that I denotes the Identity transformation on 
Proof. By Proposition 2, L/A has the Z-property. is positive stable and has the Z-property. 
This implies that (L/A)−αI
Note that Proposition 2 is used in proving the last inequality. Since L/A − rI 2 has the S-property, (L − rI)/(A − rI 1 ) has the S-property, i.e., it is positive stable. So 0
. This implies that r is not an eigenvalue of L leading to a contradiction. Thus, the implication (ii) holds.
Remarks. Suppose L, given by (4), has the Z-property and 
Next, let
Remarks. In the above theorem, the condition that A has the S-property cannot be dropped. 
Z-transformations on Euclidean Jordan algebras
In the previous sections, we dealt with the Z and S properties of linear transformations defined over product spaces/cones. In this section, we specialize our results to Euclidean Jordan algebras/symmetric cones.
Let V be any Euclidean Jordan algebra of rank r, K be the corresponding symmetric cone and e denote the unit element in V . Given any nonzero idempotent c in V , we consider the subalgebras
We also let
Then the following (orthogonal) Peirce decomposition holds [3] :
Now, given any linear transformation L on V , using the above decomposition, we write L in the block form
where the blocks are linear transformations acting on appropriate spaces. (Note that when c = e, all blocks except A will be vacuous.) Corresponding to the algebras V 1 and V 0 , we let K 1 and K 0 denote their respective symmetric cones. Let P c denote the quadratic representation corresponding to c, that and the block form of L given by (6) . Clearly,
We now proceed to show that M has the specified properties. When k = r, V 1 = V and all blocks of L except A become vacuous. In this case, A = M = L and the result is clearly true. We assume that
0. Similarly, we get By, z 0 and Ey, w 0. Combining these, we see that
Thus, M has the Z-property on c,1) ).
It follows that
Theorem 5. Let V be an Euclidean Jordan algebra of rank r and L ∈ Z(K).
Proof. Fix a natural number k with 1 k r. We first show that τ (L) τ k (L). Applying (7) to T, we get
τ (T)
sup {u∈V 1 :u 2 =u, rank(u)=l} τ (T V 1 (u,1) ).
We note that for u ∈ V 1 with u 2 = u, we have (see [23] , Lemma 1 and the corresponding 
